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By P. J. van der Houwen and H. J. J. te Riele

In these appendices we present, successively,

I conditions for the existence of a unique solution of (l.1) and (1.2);

11 three tables of coefficients of forward differentiation formulas, and
of two common LM formulas for ODEs, viz., backward differentiation
formulas and Adams-Moulton formulas;

II1  two lemmas which are needed in:

a's proofs of the main results of this paper, as far as they are non-

trival (in the opinion of the authors).
APPENDIX I

Conditions for the existence of a unique solution y(t) € C(I) of (1.1) with
8 =1
- K(t,t,y) is continuous with respect to t and 7, for all (t,t7) ¢ S;
- K satisfies a (uniform) Lipschitz condition with respect to y, i.e.,
|K(c,t,y) - K(t,T,2)] ¢ Ll[y-zi, for all (t,1) € S, for all finite
v,z € Rj
-g(t) e C(I). O

Conditions for the existence of a unique solution y(t) e C(I) of (1.1) with
8 =0
- K(t,T1,y) € CI(SxR);
- for t = t the derivative 3K/3dy is bounded away from zero:
3K (e, t,y) /ay| 2 rg >0 forall tel, ye R
- 3(t,T,y) /3t satisfies a (uniform) Lipschitz conditiom with respect toy
on S *x R;
- g e cl(@ with g(ep) = 0. O

. 1
Conditions for the existence of a unique solution y(t) e C (I) of (1.2),
for given initial value y(to) =Y
The following three (uniform) Lipschitz conditions:
- lf(t,y],z) - f(c,yz,z)| < Ll|yl—y2|, for all t ¢ I, for all finite

2,7)5Y, € R

©1985 American Mathematical Society
0025-5718/85 $1.00 + $.25 per page



Aa170nbaur ay3 $21fS2IVS (I'V) fo uorgnyos ay3 usyi (g°'g u0L303S *fo) uuoumay
uoa 27duis i N.ﬁuou.nu =1 (2)3 qruwoufijod 9118142390Dd0YD Y £ ()

‘lu A

%% sy fo suspuadopuy oouonbas usaib v s chv aaaym

—pu A+l D

(v

Obtg :mxm + ' s ! (19 4

‘9gzu

9 squP1oLf 200 FUDISUOD

ya2 uorgonba ffip Bowoyui avour] 243 J2p1rsuo) ‘T°V VWA

“f ¢ ] °°s *d400¥d

apgteees < ¢ { C ! Y
N 1+ =u xn:A oy+1) (042 '04) 5 2

=

N . feoab b r

o uzyg *1-% 10 = [ aof
m Az 5 m.u oY ‘avaosaou fagoddng *(z*1=1) 0 < _u pup 0 < 4 ‘0 < A 2daym
w1

W z 0%y u

35 et = Y9 sz 1 ous e

7] i-u

u
aoya asoddns pup ‘N°*°°‘1°0 = U a0f 0 2 2z 9227 "'V VAW

111 XIAN3ddV

091/¢ owwl/eg1~  ozL/ive  Ove/eEl-  OwvL/LTvi 882/S6 S
0zL/61~ 09¢/€§ og/1i- 09€/€2¢ oee/ise

e/t ve/s- ve/6l 8/¢ €

[V £/2 Ti/s 14

/1 /1 1

Sq q €q q Oq X

-u

=1
gt 1 - 1T - % i3 = ()43 sa00 203
A

se{nuIol U0I[Nuj-SWEPY Yl JO SIUITITIFR0) € IT9EL

S22

L€1/09 Ler/et- LE1/SL L£1/002~ L€1/00€ L£1/00E~ { S

st/ st/e st/9t- sz/9¢e Sz/8h- 1 ki
/9 1/z- /6 /81~ 1 €
€/t £/t €/ I 4
1 - I l
e €e 29 le R |
ugo _ 1w 1.07F -
q - 1'e M :(3)8 = (3),3 s3QO 103

SeINW10j UOTIBTIUDIAIJTIP piemydoeq 3yl Jo SIUITITIJa0) 7 3Iqel

/- /s £/01- 3 - 09/L€1 s
v/ e/ € o= 21/se "

€/1- z/e €- 9/11 €

17 - z/e z

- i 1

) i) ) Yo O %

aqrury TrE 103 ‘S > (143) rre 203 1Ch &8s [ Cratnyw - o

s171uTy T7E 103 ‘I > 1 TI 103

OHN
e A I A L AT
A

SEINWIOJ UOTIBTIUBIAJITF PIBMIO] JO SJURTITIFa0) | 2[qel

11 XIANdddV

(KR O Tgels
£ ;:.JVV__ -

s lpelzig

‘

5 _ANN:?.\.Z - A_N.z.u:" -




oy

ol
v
= 0=10=7
I (1 .
Cae vANV* Ygetlary G- 1 VW U -
~ ¢’ )-b =7 3 3 b
—=[ 0=1
e
+ ?I& -1 5v 1 =
pue M b &7 ¢ %
0=7 0=b putj am waio0ayl f[ermoulq ayj £q va 103v19d0 [ETIU218JJTp 2yl Burpuedxa pue
. 7y yib 7
0 ¢ USE (L W0r oy )7, (D LD T T -
v My, b .p 0=P w.
(4a0 + [ 4 T =i
o=b d
) *b 1-u_ [+u
Gaao + O amztien s Ea-D iR { =T @
@wI0j 9yl ul B[NWIO} STYI SUTITIM
dABY 9M WRI09Yl TEIWOUTIq 3yl Jo sueam Lg
“usE (g0 +
mm eune
<0 =2
W_ 0 —— AN (weuy?
E +
H uorjelou Y3 Isn am BUIMOI[OF BY3J U] ‘Q = A PUB 37 = N 10] Ysiuea n o3
mw 302dsa1 YITmM SIATIBATIAP SIT 1B pue Z eyl sarpdur g = (3¢3)x L313U9p1 ayg
72} se _ 1e ib 0Py 0=t w,
(‘DX (1-FI-)pu4= 1 o 1 o=(a)d
[ e L
b d A

G TR A

T(afn)z
spratfk

( u.:uv punoxe Am u.ﬂ+=

v 1)K Jo uotsuedxa 10(Ael *{°Z°Z WAOIHL 40 400ud

?1TIM PUB S - 1 = A PUB S + I = N SI[QETIBA 3Y31 2Inpoijul

am ‘(177’7 uOTITUTFAP @9S) 0 = (3'1)X eyl I9eF Y3 3101dx2 01 19pI0 UT AT XIUNZddV

‘0 « Y se A_+m:va + *{L] @3S "d00ud

Anu. 1) .p 0= *u fo juspuadapur s1 O adaya
+ | (s* u;v_”|u nlﬂa 1 o= o
d uslsy r 1-450s0
“Azu fq° m_ xem + |[K] xew 35 | £

sp1atk
Azagonbour oyg

u f+u

( u.=uv punoae Amlcu.. 3)A Jo uotsuedxe 1ojkel *Z°Z°Z WAUOIHI 40 100dd

§91/91908 (['y) fo u0rIny08 Y3 Uy (¢°g U01393g “f0) unyds st (2)a SII (12)
0 *1*g*z uor3TULIdQ ul paiinbai se A mcvo = m»vﬁl *u fo ﬁzumtmmmﬁﬁm 81 ) 3Jdaynm
1-3aslso

awll Jwes 9yl Ie pue (g°z°Z) suorlenba iapio ay3 spraik 0= wu Yl ur swial
xem }2 5 | £

11e 019z 03 Burjenby *Q = 7 = T 10J 019z 8q 03 paunsse sI 7, NAMIV a1ayn ‘Yz u




SUPPLEMENT

S24

03 speal

(99°¢°¢7) pue € 1°0) Buisn pue Auv=> pue (s3)x suoridungy 2yl JO uoT1INITISANg
L - - -t C
?:.Eun (At ey g -

A-=0 0=
¢’ »IA.lcu.-.ﬁ.v:uvwv:m“_ w +ml 3 de -
A A

f+u 1 [yu_ 1-u (T A=

~u 1 R Uy Y5
Y - e [T R L - T s (0
A A

4

A z U 103 3ITIA Lew am udyl ‘({°|) jJo uorinios
U

Joex2 9yl ST ()£ 239um (9°1) £q uaaT3 2q (s*3)& 3971 "T L' WANOFHL o 10083
g o uot3iEnbs jo W10y

pe3rTIURILIIIp SAmTII-U ay3 A1snotaqo ST (grg-g) eromidyrang “(gg°7) 0
spea] uotienbo T3 1TUI POTITIRA ATTSED ST 3T WOINUI D JO SUOTIIPUOD an

bed b,

1apup ‘Arearivadsex ‘(g7 7) pue (g°¢°7) Aa pautrgap 218 © 5 pue ¢ 21aya

A_+=.fu£o+
. . 0=7 P . 0=b
-b b, b b
Tsu.au;mﬂm .a%A_Q_é?N-wuV 1 l:djﬂ.lT; 7 -
7°7-b b LA £} o
A==t
?AT;:T_.%:E.A.?E:T.;:mN e (5
K|

uot3iETax Yl

sa13sTIBS (%°177) BINWIO} WIA 243 Jeyd 23erpaumt ST 31 suotsuedxa 259yl WOIJ

(00 +

se_ i 0=7 0=b
u_,u -b b b
Gl I ) 09t Wi 7=
[ b=y b M =b g
ﬁ-f..?:dﬂ% ety - (P
A_,éfuéo +
se, ple 0=7 .p 0=b
_b b
T AN G N N o
74P b o
0=b
u_.u sg_ 3€ *b
A_Efuﬁo + O3 NR (S ﬁc_u:.__l =

0 + (DRI ;

¢K1aatinadsax ¢spratk Yy o3 jutod pax1J B UT uotsuedxa 1074el °JI00¥d

-

*1°g ¢ WAOIHL 40 400¥d

oo ,. %
0 wa103y3l ayl sanoxd sTyL *(¥°C Z) ut pautzap st mwuw:&

1=7 .u 1=b
- ( pLIY ¢ b u
0« U se (g0 + g B M pd A M = [a1 1

SPIaik 0 = guisn pue :L_-A o3ut (¢°V) pue (z*V) 3O uoTINnlIISqng

(0*»?

0 « Y4 se AT_.Q_CQ +

=y 0=b

7
S Dpu

Z[ [32-1b+[b] _(1+D)
-7 1-7-
b d

G-

ﬁ—..hc”_c +

uowonv T-u_ [+

H -t Jfau oS
:5.?37Q.5-3:261:-3@:%.4w = TR e
b



cl
175}
21Tam oM pua 1eyl of .—u0>w‘—uv aq
ues (£°y) ueyi punoq 1addn iodieys e ‘g = m«m xuumN Y st oaew 0 - (2)9
£312doad ay3 Suisn £q “13A2MOH *IIUIBIAAUOD anoad jouued am ‘[‘y eumd]
£1dde uayl pue | 103 (£°'v) punog 1addn ay3 asn am J1 ¢£193eUN]IOJUN
LA (8'v)
K11(enbaut ,xadaeys, 2yl uteiqo o3 (1) 7'V euma A1dde 315113 am
0=1
u I-u N
Al s Tl e]
Nl
m ((9*y) woay
m paure1qo) 43T{enbaul ayi 03 [V BuWA] ButA1dde £130211p jo peaisul
ol
W *0 = (z)¢ ‘uueumay uoa 31dwis ST (z)©  (9)
2
v *3jeTpoWmN] ST WRI03Yl 3yl Jo (v) 1aed .Cu — 1 = yu adulg

u

G arforesoun | @lorn - %)
*

SPIATA ((W)I =2 WITA) |°V eamdT jo uoraeariddy

0=7
s+ warto + [T T ddo s
[=u

0=7 0,0
raz + a'o + [T3) 1 P mlunu_E .
[-u

1rews A{3udIDTIIINS Y 103 IEYI OS

0=7
w1+ wa'o+ [T 7 w®% = (%1%,
u

c
Ipyl SHOT[0J 3T (9°Y) WOIg - (u puE | JO IUapuadapul aq [Im ") FIuEISUO (¥
0,

Butmo[[0J 3yl ur) u pue y jo juspuadapur sjuelIsuod 2ae _o pue D diaym
0=7
s+ wao « (T3 T u%
u
— y. 027 A-=f 0=1 a
Load+ | 3u + | 93] w Yy mq) w w + (WL = | vy
u 1 3

splat4k uorle(ndied

a
A| 103 punoq 19ddn ue pasu am 2103312yl pue ‘uoilenbs

piemioyiydreals y °
20u2123J1p 1BAUT] SIYl JO UOTINTOS Ayl I0j punoq 13ddn ue aATIdp 03 13pio Ut

[ 'V ewmd] UT PIIEIS K317enbaul [iEmuo1n 33310STP Ayl L1dde o1 juem 3y

0 # 0Op .xuoa z (2)0  (®)

-A1a3eaedas (q) pue (e) s9sEd Oom3 Iyl yiIm pe9doid mou ap

- = [+u C [+u -u [t
».Am cu;.« Uyt Uvzq.u.rn _ 7+ um:vw at

crou 057 A=
A @naha oyl T ‘:i {
C 3

= Tao | (9°v)
X
uotieT21 Y3 Y3 s1o1z0 ay1 103 punoj 2aey am ‘snyl

.?m-:;.m-fi;- » .T::ﬁ.:f -A%Eiéﬂ.ém .

[+u 7iT-u, M

0=
s Iyt )y ;v.:m: 1 Z-aurr = '
bt A



SUPPLEMENT

A D T S = 47
tu 1y by
0=t (€1v)
s R 101,00 vy
0739 A4 - "Taeg M = (A1
a1aym
0=t
u TI-0_1 .
su A= TN aev)
3

ureiqu 031 ([ °V) @11IMax pue

. y . ‘
N R TR R A 49y 23120 om mon

. P 0=71¢, A-=F 0= _u¢ A-=[ 0=t
T L T TR AL PR R M L Gugn e U,
- {01y)
R R

Gactayy = Sy

219ym *(g'y) 03 snofofeue ‘u0TIETd1 BUTMOTIOF 3YI UTEIQO oM 7°EL7T

wai0ayyl jo jooxd 3yl JO SaUI] 1ISATJ duY3l Buimop1od *y¥'€°C WRMOIHL J0 400¥d

(] *smoyioj weioayl oyl jo (q) 1ied yorum woiy

Ahhzva+havu4+ﬁsvc;__-zcu+Asvemu;«xv RGN

23BWTISA 9Y3 JE AATIIE 2A 'V EUWAT] Burh(dde £q ‘A[reutd

0=7
L+ Ay + aeuy, 1% + |7 wfo s
i-u

11ews K[3Ua1d13INS Y 10J Puijl aa 93 - 1 5 yu adurs

u>i>1

xew + (4)9}0 5 | @1°v)

puty pue (((°V) 03 (I1) z'v eumd] A1dde Lem am ‘inydg st (z)A adurg

1,7 " u
,AmA;VH_-:c »Asvmq~|z= +_u_w A:=+_v~; +A;Vow ow_u
F-

“2duay

Jey3y patjraean A[IsE? ST 3T

f

r 0

3| Jv_ ws s = 12

_M_

el

7,07 o
.Aﬁﬁsvh_;; + Wy _u+ |9 Tu+”
3

£311ENnb3UT Y3 spr214 (g°'V) ©3jul uorInirisqng

0=3 = 0=1
“a e avto e 1T we TR s
v 3
= 0=7 A-=[ p=T
((wava +._ =u_s_uu + 1795 7 N:_ﬁ_azn_ [ w"1 s _c>_ IR
v ER

punoq 1addn ay3l (z°y) JO peaisul uteiqo am Lem STyl uf

A==l

A=t
ey a7
3

caav 1 oas (Y
3

¢A{iejrmyis ‘pue

A=l
9560 1 uma s
Et

[edacdnata e - Q@18 H Py »

A=l

: A-=f
ke Ina Ty, 1 = 1dednata
A

C4u r
Tawete 1)
N




S27

SUPPLEMENT

u

0=
Az 1% 7w @ta'a s
u

:(L°V) wWo1y aney am v_ch = (z)n 219ym 2s5ED Y3l uy (E)

(9°V) UT SEB pauIjap ST A a1oum

I (91°V)
Fl

(€1°V¥) UTI UOTIE[D1 pPUODIS 3Y] WOIJ IATISp M :: ao4

“y pue u jo juspuadepur JUEISUOD awos ST 05 aroym

A=f o=f
[ola T+ corvifureisinyg a)% s f%) (s
u u

(uuewnay uoa 3Tdwys ST ANv«a asnedaq) spiatd (I) Z°V eume] jo uorjeorrddy

1-u

Vi

0=T
T-u 1 u
e 7 T w e s
A

el
n
—
>

0=
—u T U~
[k M w o+ (£ 7|

((u€°1) PuE (,€°1) Butsn) AaTrenbout Sy SATISTIELS A 210UM

(1Y)

TWI ] T

suoTjefai 3yl

aATI9p BA 7'¢'7 Wax0dyy Jo jooid 2yl ut se Buypeddorg “I°f'f WANOIHL JO 100dd

{j -weiosyl a2yl jo 3I[nsali 9yl SPIAPTA (°y euma] jo uoiledrirdde pue

~ onN m
T u_w=+ 2:_..:+2vm<_-;+ Ei ow
[

¢11ews K[3udI2TIIns Y 10j ‘purj am (7|'V) ©3IUT STyl Burinitasqng

W, ?ET; A

*

0=7 _
‘oz .SZT:+¢£§T;+_N_ { y+ )
1

(Z°g"7 waioayyl jo jooad @y3 ul (6°V) JO UOTIIBATISP Iyl

+39) ureiqo o031 (B9 g Z) pue ‘g = .mm €*3°1 ‘Q z (z)9 UOTITPUOD 3Y3 3sn am MON

A1

*

0=7 ¢y T

r
41 1-1 __l__+ _Nw_ w |*Fa)c w ..ENU .
1

Co 00 L S



SUPPLEMENT

S28

spuel1ayIaN 4L

wmepiaisuy S 8601

giy ueeysInay

so3EwayIER [EDTI3UNN JO jusmyaedag

(e13u2) TEdTIRWAYIEH : K13uw10y)

soustog 1o3ndwoy pue SOTIBWIUIEH 103 213UD
{j weaodyl

ayl jo (q) jaed o3 spedl |'V Euma] gutdrdde pue (§|°'V) ©03Iut uotIN3iTISANg

u u, ¢ o=t <
.TE 1,4 [CUR- N B e+ | { _@ 2 s
u

0=r T 0=t
ﬁﬂéﬂl_sﬂmfgf 1wt ) Mw {

put3 o3 (0:=(2)8 22urs) (6°V) 2sn
pue (91°V) 01 (1) TV pumo] A1dde am ‘uuemnay uoa aydmis s1 (z)® dUTS ()
*smoy103 L11Se?

woxoayl A4l Jo (@) 1ded f{v wwmol woxg *03 - 1 = 4u IeUI PIsn vapy Im 21248

o=t
?:m:? s+ (L, 4 @z @'a + 155 1 ;Tu s
u

r ¢
?:«2 £+ [ODLL M F (W7D

A=f
ﬂu~u w :VNQ H

0=7
+ ec.nm + _wi M g o+

sp1a1k (§1°V) 0IUT uoIINITISANS +15 jueisuoo owos 103



